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Observation of a strange nonchaotic attractor in a neon glow discharge

W. X. Ding, H. Deutsch, A. Dinklage, and C. Wilke
Institut für Physik, E.-M.-Arndt University, Domstrasse 10a, 17 489 Greifswald, Germany

~Received 10 July 1996; revised manuscript received 11 November 1996!

A strange nonchaotic attractor is observed in a neon gas discharge without any periodic or quasiperiodic
driving force. The estimate of correlation dimension and Lyapunov exponent spectra confirms the existence of
the strange nonchaotic attractor. Furthermore, the scaling law of the Fourier amplitude spectrum is observed in
agreement with predicted scaling behavior for a quasiperiodically driven strange nonchaotic attractor.
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PACS number~s!: 05.45.1b, 52.35.2g
yp
st

li-
po
ao
ys
ch

st

d
uf
on
d

h

io
um
a
on
os
a
to

rg
iu
a
a

d
t
d
o
u
s
u
on

eo
a

n
ted

in
eters

c-
ble
r

the
ur-
ion
is-

ob-
ux
at

on-

re-
r-

the
I. INTRODUCTION

A strange nonchaotic attractor is considered to be a t
cal property of quasiperiodically forced systems as sugge
by Grebogiet al. @1# where the termstrange nonchaotic at-
tractor refers to the attractor that is geometrically comp
cated, but for which nearby trajectories do not diverge ex
nentially. Subsequent papers show that strange nonch
attractors commonly occur in quasiperiodically driven s
tems @2–5#. Some experimental observations for su
strange nonchaotic attractors are reported@6# in a two-
frequency quasiperiodically driven, buckled, magnetoela
ribbon experiment and in an analog simulator@7#. A strange
nonchaotic attractor is not only observed in a quasiperio
cally driven system but also in a parametrically excited D
fing equation@8#. On the other hand, quasiperiodic transiti
to chaos in gas discharge plasma has been investigate
perimentally@9–11#. The difficulty @12,13# in the distinction
between quasiperiodic attractor and chaotic attractor
been partly overcome by the careful estimate ofK2 entropy,
observation of the envelope of the autocorrelation funct
@9#, and the calculation of the Lyapunov exponent spectr
@10#. This offers a possibility to search for strange nonch
otic attractor in plasmas. The identification of a strange n
chaotic attractor depends on its definition, i.e., the nonp
tive Lyapunov exponent and fractal dimensionality th
reflects the structure of the strange nonchaotic attrac
which is single valued and discontinuous everywhere.

Plasma is a typical nonlinear dynamic system with a la
number of degrees of freedom; it is of interest as a med
for testing the universal characteristics of chaos. In the p
decade a number of nonlinear dynamic phenomena h
been studied in gas discharge plasmas@9,10,14–19#. Quasi-
periodic transition to chaos has been frequently observe
plasmas@9–11#. The interplay of these intrinsically differen
modes contributes to the onset of chaos. The understan
of quasiperiodic attractors and the related strange noncha
attractors is significant not only in nonlinear dynamics b
also in plasmas. In this paper we present experimental ob
vations on strange nonchaotic attractors that occur in an
driven gas discharge tube, where quasiperiodic oscillati
emerge from the plasma itself.

II. EXPERIMENTS

Experiments were performed in a conventional glass n
discharge tube at a pressure of 1.43 torr, radius of 1 cm,
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length of 60 cm. The discharge is operated ati 052220 mA
without any external modulation. Self-excited ionizatio
wave patterns are measured by fluctuation of both integra
light flux F(t) and discharge currenti (t). These fluctuation
signals are digitized by analog to digital convertor~two
channels, 12 bits, data lengthN5643103). Details of ex-
perimental setup~Fig. 1! are described in@20#.

It is well known that there are various moving striations
dc discharge tubes over a wide range of discharge param
@21#. In our experimental conditions there existp and r
waves, which differ in their product of wavelength and ele
tric field strength, and in their spatial modes. The metasta
atoms are responsible for thep wave and the atomic ions fo
the r wave. As already reported@20# the transition from one
type of ionization wave to the other is associated with
hysteresis of frequency due to the variation of discharge c
rent. Near the transition points a quasiperiodic oscillat
and a strange nonchaotic attractor by either light flux or d
charge current can be observed. In apure neon discharge
tube without external current modulation we have never
served a chaotic attractor so far. Figure 2 shows light fl
F(t) oscillations and their corresponding power spectra
different currents. Ati 0516.07 mA only a single frequency
f 1 can be seen in the spectrum@Fig. 2~d!#, which corresponds
to a p wave. The trajectory in the phase space was rec
structed by the light flux„F(t),F(t1t),F(t12t)…. The lag
time t represents the fall time (e21) of the autocorrelation
function. The trajectory of motion is a limit cycle@Fig. 2~g!#.
With slightly increasing current an incommensurable f
quency f 2 (r wave! and some combinations of their ha

FIG. 1. Geometry of the discharge tube and diagram of
experimental measurements. Integrated light fluxF(t) and dis-
charge currenti (t) are recorded.
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FIG. 2. At i 0516.07,16.09,16.37 mA, time series, power spectra, and the trajectory in the phase space of the measured integra
flux F(t) for different attractors. These attractors are identified as periodic~a!~d!~g!, quasiperiodic~b!~e!~h!, and strange nonchaotic attractor
~c!~f!~i!.
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monic frequencies are seen@Fig. 2~e!# so that a quasiperiodic
attractor could be formed. The motion of the trajectory in t
phase space is a closed torus, a characteristic of quasi
odic attractors. With further increasing current abundant h
monics can be found@Fig. 2~i!#. The motion of the trajectory
seems to be random in the phase space, the attractor is
found to be a strange nonchaotic attractor rather than a
otic one. For larger currents, wherer wave dominates, peri
odic oscillation is only observed forf 2. In the transition from
p wave tor wave the competition between two waves tak
an important role in the formation of a quasiperiodic attrac
and a strange nonchaotic attractor.

In order to distinguish those different attractors, let
estimate the dimensionality and Lyapunov exponent sp
trum using a conventional phase space reconstruction t
nique from the time series@10,23#. The Lyapunov exponen
is a quantitative measure of the sensitivity of the dynam
e
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s
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system to initial perturbation. Sign and value of th
Lyapunov exponents provide a classification of the attr
tors. Let the Lyapunov exponentsl i be ordered by size
l1>l2>l3>•••. We are able to distinguish the followin
cases:~1! periodic attractors:l150.l2; ~2! two-frequency
quasiperiodic attractors:l15l250.l3; ~3! three quasiperi-
odic attractors:l15l25l350.l4; ~4! chaotic attractors,
l1.0; and ~5! strange nonchaotic attractors: same as tw
frequency quasiperiodic attractors. The strange noncha
attractors have the same Lyapunov exponent spectrum
two-frequency quasiperiodic attractors. In order to confi
the strangeness of attractors, we also calculate the correla
dimension. To calculate Lyapunov exponents and correla
dimension we reconstruct adm dimension orbit@22#

xi5~Fi ,Fi1m , . . . ,Fi1~d21!m!
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from the measured integrated light flu
F( iDt)( i51, . . . ,N), with Dt being the sampling time inter
val, dm the embedding dimension, andt5mDt the time de-
lay. By choosingxj such thatuxj2xi u<r for small r , the
evolution of small vectors (xj2xi) can be obtained,

xj112xi115Ti~xj2xi !.

We can decompose the matrixTi5QiRi into orthogonal ma-
tricesQi and upper triangular matricesRi . The Lyapunov
exponentl l is given by

l l5
1

K (
j50

K21

ln~Rj ! l l , l51,2, . . . ,dm

whereK is a given number of matricesTi . With the series of
vectorsxi , the correlation sumC(e) can be evaluated, de
fined by

C~e!5 lim
m→`

1

m(
i , j

m

H~e2uxi2xj u!,

whereH is the Heaviside function defined byH(e)51 for
positive e, and 0 otherwise. For an intermediate regime
e, C(e) will scale asC(e)}ed, therefore the correlation di
mension can be obtained by

d5 log10C~e!/ log10e.

These algorithms are applied to the experimental data. T
I summarizes the dimensionality and Lyapunov expon
spectrum for the three sets of data analyzed in this paper
i 0516.07 mA the attractor is easily identified as (0,2,2),
which indicates a periodic attractor. Fori 0516.09 mA the
exponents are identified as (0,0,2,2) since
ul1u'ul2u!ul3u,ul4u, indicating a two-frequency quasiper
odic attractor. The estimate of dimensionality also indica
that two attractors are periodic and quasiperiodic, resp
tively. As far as the attractor ati 0516.37 mA is concerned
the trajectory of motion in the phase space@Fig. 2~i!# implies
a strange attractor. Its correlation dimension is carefully c
culated~Fig. 3! providing a fractal dimension of 2.23. Figur
3 shows log-log plots ofC(e) for the time series a
i 0516.37 mA. The slopes ofC(e) on the log-log plot will
saturate when thedm exceeds 6. A little error bar, within
60.04, is obtained for several experimental runs
i 0516.37 mA. This fractal dimension supports the stran
ness of the attractor. However, the attractor is nonchao
From the Lyapunov exponent spectrum of the strange att
tor at i 0516.37 mA one can obtain a positive Lyapuno
exponentl150.19, which at first glance implies that th
attractor may be recognized as a chaotic one. However, i

TABLE I. Lyapunov exponent spectrum and dimensionality f
different discharge currents.

i 0 ~mA! Lyapunov exponents~1/ms! Dimensionality

16.07 (20.001,20.02,20.1) 1.0060.01
16.09 (20.011,20.005,20.248,24.372) 2.0360.05
16.37 (0.19,20.20,21.67,29.20) 2.2360.04
f
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recognizel2 as zero, since at least one Lyapunov expon
has to be zero for a chaotic attractor, we cannot find m
difference in the magnitude of order betweenl1 ,l2, and
max(ul1u,ul2u,)!ul3u. On the other hand, unavoidable e
perimental noise causes the computed Lyapunov expon
to become larger@10#. Thereforel1 ,l2 could be identified
as (0,0,2), showing that the attractor is nonchaotic. T
nonchaotic behavior of this attractor is further supported
the observation of an autocorrelation function as shown
Fig. 4, where the autocorrelation function has no signific
decay as would be expected for a chaotic attractor~also dis-
cussed in@9#!. The autocorrelation is similar to that of th
usual quasiperiodic motion@24#. The complicated geometric
structure in the phase space and the fractal dimension
indicate the strangeness of the attractor, and Lyapunov e
nent spectrum and autocorrelation function indicate a n
chaotic attractor. In general, strange nonchaotic attrac
typically appear in quasiperiodically forced nonlinear sy
tems. The strange nonchaotic attractor observed in plasm
associated with the competition among those intrinsically
dependent wave modes.

In order to understand the strange nonchaotic attracto
our case, we present its spectral distribution functionN(s)
as the number of peaks of Fourier spectra with amplitu
greater thans @3,6#. The distinct scaling relation forN(s)
has been investigated@2,4#, being N(s)} ln(s) for two-
frequency quasiperiodic attractors,N(s)}@ ln(s)#2 for three-
frequency quasiperiodic attractors, andN(s)}s2a,
1,a,2 for strange nonchaotic attractors. These results
plotted in Fig. 5. The approximately straight line in the lo

FIG. 3. Correlation dimensionD252.2360.04 for time series
Fig. 2~c!. dmax is a maximum of embedding dimension.

FIG. 4. Autocorrelation function of time series in Fig. 2~c!.
Strange nonchaotic attractor ati 0516.37 mA.
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log plot indicates the power-law relationship,N(s);s2a. A
least-squares fit yieldsa51.2160.01. The scaling law
agrees with that of the strange nonchaotic attractor predi
for the quasiperiodically driven nonlinear system, furth
suggesting the existence of a strange nonchaotic attracto
can be seen from Fig. 2~e! quasiperiodical motion is domi
nated byp waves andr waves. The harmonic peaks are n
abundant so that statistics of spectral distribution is p
where noise dominates.

FIG. 5. Spectral distributionN(s)}s2a of a strange nonchaotic
attractor@Fig. 2~f!, i 0516.37 mA#.
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III. DISCUSSION AND CONCLUSION

Strange nonchaotic attractors are not only observed
quasiperiodically driven systems, but also in an undriv
plasma system. Physically there exist two ionization wa
patterns in the discharge tube. The coupling of oscillatio
can be realized by feedback mechanisms through an exte
circuit. Two independent wave patterns drive a nonline
plasma medium with a large number of degrees of freed
which takes an important role in the formation of stran
nonchaotic attractor. The two dominant modes are simila
the quasiperiodically driving force as studied in these qua
periodically driven systems. The frequencies of oscillatio
are well defined by two different relaxation processes.

A strange nonchaotic attractor in a neon discharge t
has been found where no external quasiperiodically dri
force is applied. An analysis of fractal dimension, Lyapun
exponents, autocorrelation function, and Fourier spectra
plitude distributions supports the experimental observat
of strange nonchaotic attractor in a neon discharge plasm
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